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1. INTRODUCTION 
In this paper we confirm a conjecture first raised in [S] concerning the 
relation between the breadth of a finitep-group and the size of its commutator 
subgroup. The breadth b(x) f o an element x of a finite p-group G is defined by 
the equation 
pbcz) = 1 G : C(x)\, 
where C(X) is the centralizer of x in G, so that pbcz) is the number of distinct 
conjugates of x. The breadth of G is the maximum of the breadths of its 
elements, and is denoted by b(G). We prove the following: 
THEOREM. / G’ 1 < p(l/z)a(G)(b(GJ+l) joy aZZ$nite p-groups 6. 
This inequality has already been established in a number of special cases. 
It was shown to hold for groups of class 2 by I. M. Bride [I], and it was shown 
to hold for metabelian groups in [3]. It was confirmed for groups G satisfying 
b(G) 3 ~o!(G)~ - 1 [d(G) being the number of elements in a minimal 
generating set for G] by James Wiegold [6], and it was confirmed for groups G 
satisfying b(G) < p in [4]. This paper grew out of work James Wiegold and 
I did on the generation of p-groups by elements of maximal breadth [4], and 
I am indebted to him for a very fruitful correspondence on this subject. 
It has also been conjectured that j G’ j = pc1/2tacG)cbcc)+1r can only occur 
when G has class 2, or when b(G) = 2 and G has class 3, and an examination 
of the proof of this theorem shows that this is indeed the case. 
2. LIE RINGS 
The results on Lie rings obtained in this section form the major part of the 
proof of the theorem. We apply them to groups in Section 3, making use of the 
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connection between the breadth of a finite p-group and the breadth of its 
associated Lie ring noticed by P. M. Neumann [2]. 
Just as in [2], we extend the notion of breadth to Lie rings. For any finite 
Lie ringL whose additive group is ap-group, the breadth b(x) of an element x 
of L is given by the equation 
pb(=) = IL : C(x)!, 
where C(x) is the Lie centralizer of x in L. We let d(L) be the number of 
elements in a minimal generating set of& and for any positive integer K we let 
B,(L) be the subring of E generated by elements of breadth at least k. If S is 
any subset of% we let (5’) denote the additive subgroup of4, generated by S. 
For the remainder of this section L will be a Lie aigebra over Z, , that is, a 
Lie ring whose additive group is elementary abelian of exponent p. We will 
also assume that IT, is nilpotent of ciass 2, that is, that d;” = 0. If A is an 
additive subgroup of L we let A2 denote the subgroup of L generated by 
{ab: a, E E A). If a, 1 a, ,...) a, is a minimal genera&g set of e and we let 
la, 2 ai? f...> a,)=A,thenL=AOA2andL2=A2. 
LEMMA. If k is generated by a, a, , a2 ,. .., an and La < (a, , a, ,. ..) anj2 
i%en there are elements 0l, ) a, ,..., Ollz E 2, , not all zero, such that La < 
(ala -k aI l o12a + a2 )..., a,a + a,Y. 
CORQLLISI(Y. If L has a maximal proper subring A such that 4;” = A” then 
L has at least two suc?z subritigs. 
For ifE is generated by a, a,, a2 ,‘.., a, and A is the subring generated by 
a1 , a2 ,..‘Y a, then La = A2 if and only if La < A2. 
~~~~~0~Lemrna. Let aai =CICkclCn piblakal. W-e want to find al,..., clnEZg3, 
not all zero, such that (ala + a, ,..., ol,a + a,)2 = (a, ,...? Qz- Now 
( ala -I- aa ,...) ol,a + a,)2 is contained in (aI ,..., Q2 (since La is) and is 
spanned by (bij: I ,( i < j ,< n> where 
krij = (a,a + a,)(aja + aj) 
= aiaj + ,,;z<n (%Pm - 4Ld akaz * 
\ 1 
These elements span (a, ,..., a,j2 provided ) I + M 1 # 0, where I and 
M are matrices whose rows and columns are both indexed by pairs (i7 j), 
1 < d < j < E, P is the identity matrix and M is the matrix whose 
((i, j), (k, %))th e!ement is c&~~ - uj/3ilcl . (Note that this condition is not in 
general necessary, though it is necessary if (a,aj: 1 < i < j < n> is linearly 
independent.) Now the determinant is multilinear as a function of its rows 
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and so j I + M j = C j B 1, where the sum is taken over all matrices B 
whose (i,j)th row is either the (i,j)th row of 1 or the (i,j)th row of M 
[for all pairs (i,j)]. We will show in a moment that rank M < n - 1 for 
all 4 ,..., ollz . This implies that if n or more of the rows of B are rows of M 
then 1 B j = 0, and so 1 I + M 1, considered as a polynomial in a1 ,..., ollz , is 
of degree at most n - 1. So j I + M [ can be written in the form 
where fij.. . ,(q , q ,. . . , CY.,) is a polynomial in 01~ , 01~ ,..., 01~ . 
Suppose that j I + M j = 0 when 01~ = 1 and 01j = 0 for j # ;, then 
fi(l) = -1. 
Suppose also that II+ M 1 = 0 when 01~ = 04; = 1 and 01~~ = 0 for 
R # i,j, thenf$(l, 1) = 1. 
Continuing in this manner we either find some a1 ,..., 01~ , not all zero, such 
that j I + M j # 0, or we find that 
s} has an even number of elements. 
s> has an odd number of elements. 
But then putting a1 = 01~ = . ..=ol.=lwehave[l+MI =(-I)“-1. 
It remains to show that rank M < n - 1 for all 01~ ,..., ai, . Let pi be the 
vector (fiikl). If 011 = *..=ol,=O,thenrankM=O.Ifol,=...=~~~,= 
aicl zx2 ..* = I-& = 0 and 01~ # 0 then the row space of M is spanned by the 
n - 1 vectors p1 ,..., piml , pi+l ,..., pIL . In general, if not all of 01~ ,..., c-“% are 
zero, the row space of M is spanned by 
(pi : OIi = 0) u (c& - f&j : “i # 0, aj # O}. 
The first of these sets spans a space of dimension at most K, where K is the 
number of i such that 01~ = 0, and the second of these sets spans a space of 
dimension at most n - K - 1, since n - R is the number of i such that 
cq + 0. This completes the proof of the Lemma. 
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hOPOSITION. IfL # BdtL)JL) then there is a proper subring M of L such 
that K” = L2. 
(L) is the subring of L generated by elements of breadth at least Fz, 
(II,) is the number of elements in a minimal generating set of L. Note 
that since L is a Lie algebra over ZP of class 2, b(L) < d(L) - 1, and so 
L = Bd~)-&5) implies that b(L) = d(e) - 1 and that 6, is generated by 
elements of maximal breadth.) 
Proof. The proof is by induction on d(L); the proposition is certainly 
true for d(L) = 2, and we assume it true for d(L) < n. Now let d(L) = R. + 1, 
and suppose that 15 # B,(L). Let A be the additive subgroup of L generated 
by a minimal generating set of L. Then, as additive group, L = A @ A%, 
I A i = jFr, A2 = L2. We will find a proper subgroup H of A such that 
a = A2 (=ka). Then K = N + Ha is a proper subring of L and R2 = 
Since B,(L) # L, B,(L) n A < A and so we may choose generators 
a, a, 3 a2 >.'., a, for A such that B,(L) n A < (al, a2 )...) a,} = B. The 
for any 6 E B, the breadth of a + b is less than a7 and so C(a + b) n B f 
which implies that there is a nonzero element c E B such that 
(a + b)c = 0. (I> 
Butthenac=-bcEB2,andsoif(c:cEB,(a+b)c=8forsomebEB)=B 
then aB < B2 which implies that B2 = AZ. Therefore we may 
(c: c E B, (a + b)c = 0 for some b E B) is a proper subgroup of 
is no loss of generality in supposing that this subgroup lies in 
(al I’..? a,-,) = C. 
Let W = (a, C>. Then, taking a special case of (l), for every b E C there 
is a nonzero element c E C such that (a + b)c = 0. It follows that 
1 C,(a + b)] > p2 [since a + b E C,(a + b)] for every b E C, and so a is 
Aot contained in the subring of the Lie ring W + W2 generated by elements of 
breadth H - 1. But d(D + W2) = n and so, by the inductive hypothesis, W 
has a subgroup E of order pn-1 such that E2 = W2. By the corollary to the 
lemma there are at least two such subgroups and so we may assume that 
E f C, and hence that there is an element c E C such that W = (E, c>” 
There is no loss of generality in taking c = a,-, which implies that 
E=(a-/-aa,-,,a,+ela,-, ,..., an--2+cr,_,a,_,)forsomeol,g,...,~,_,E~~. 
I%ut a + CX~,-~ $ B and a, + aland ,..., and2 + a,-2alz--l E B, and so there 
is no loss of generality in supposing that E = {a, aI ?..., a,-&. SO 
and hence 
<a, al ,..., a,-q)2 = (a, aI >..., %-1)” 
A2 = (a, a, ,-.., an4 , a,Y + (kla,>. 
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Now consider another special case of (1). For every b E (a, ,..., ala-a) there 
is an element c E <a, ,..., a,-r) such that (a + CZ~ + b)c = 0. Here we must 
deal separately with the possibility that c always lies in <4 ,. . . , an-s) and with 
the possibility that this is not the case. 
First suppose that for some b E {a, ,.,., an-s) there is an element 
c E <a1 ,--*, h&-l)\(Ul ,a.., u+a) such that (a + a, + b)c = 0. Then for some 
d E <a, ,...> une2) we have (u + a, +- b)(d + a,-,) = 0. Hence a,-,~, = 
ad + ua,, + and + bd + bu,-r E (a, a, ,..., anV2 , u,)~ [using (2)] and so, by 
(3), A2 = <a, a, ,*‘a, %-2 3 %Y. 
Secondly suppose that for every element b E (ur ,..., une2) there is a 
nonzero element c E <al ,..., unP2) such that (u + a, + b)c = 0. Then 
u + a, is not contained in the subring generated by elements of breadth 
n - 2 of the Lie ring generated by a + a, , a, ,..., an-a , and so, as above, we 
may suppose without loss of generality, and without affecting statement (2), 
that 
<a + a, , Ql ,*“> u,J2 = (a + a, ) a, ,..., u,-2)2. (4 
Now let 01 E 2, and put 
H = <a + a,, al ,..., G-~, an-z + an, a,, + aa,>. 
We complete the proof by showing that 01 can be chosen so that H2 = A2. 
Since A = (H, a,) it is sufficient to show that 01 can be chosen so that au, , 
u,%L ,.a*, un&zn E HZ. 
Now by (4) 
<a + % , a1 ,***, u,-~)~ = (a + a,, a, ,..., u,-~)~ d H2 
and so 
(u + u&7,-, , U~U~-~ ,..., u,++I~-~ E Hz. (5) 
Also (a + s)(G-~ + 4, 4~~ + G,),..., G-~(G-~ + 4 E H2, and 
together with (5) this implies that 
au, , alan ,..., a,-,a, E H2. (6) 
It follows from (6) and the fact that (a + a&, ,..., (a + a&,-, E N2 that 
q ,..., au,, E Hz. (7) 
Let F be the subgroup of A2 generated by the elements 
au, ,..., aan--3 , alun-2 ,..., un.4n-2 
and the elements 
aiaj , for 1 <i<j<n-3. 
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Then (a, a1 )...) a,+.$ = F + (aa,-,), and so by (2) we can write 
aa,-, = paanu2 modF and and2anp1 = yaane2 modF. 
But (5) and (7) imply that F < H* and so 
aa,-, = @aan-% mod Ha and an,-2an--I = pa,-, mod 
and /3 and y are independent of LX. HZ aiso contains the elements 
(a + a,)(a,-: + a,) = aa,-, + aa, - a,d, , 
(a + a,)(a,-l + aa,) = aanml + aaa, - a,-,a, , 
(an-* + a,)(a,-l -k cxa,) = a,-,a,-, + =anw2an - a,+, a 
Since aa, E Ha [from (6)] this together with (8) implies that 
aa,-, - a,-,a, E HZ, 
@aa,-, - anelan E r-f’, 
and 
yaan-2 + ma,-,a, - a,-+, E Hz. 
Combining (9) and (10) we have ,/2ane2arL - a,-,a, E iY2 and combining (9) 
and (11) we have (y + a)a,n-2an - a,-ra, E H2. If we choose M so that 
/3 f y + 01 then a,-,a, , a,,a, E Hz, and together with (6) this implies thar 
IJ* = A*. 
3. PROOF OF THEOREM 
Let G be a finite p-group and let V be the associated Lie ring of G. Thus if 
G has tow-er central series G = y1 > yz > ..’ > yCil = I then 
where Vi = yilyiil for i = 1, Z,..., c. Now let W = pk/, $ V3 + ... + V, 9 
and let L = V/(pV, + FE’). Then L is a Lie algebra over Z, of class 2. 
be a subalgebra of L which is minimal subject to K2 = k2, and let 
d(K) ==n+ 1. Th en by the proposition in Section 2, K is generated by 
elements of breadth n. We can choose these generators of breadth n to lie in 
the image of VI under the canonical map from V to L, and we suppose that 
their inverse images in VI are a, , a, ,..., a, . Let a, ) aI ?.~., a, generate 
a subring A of V. Then A2 + W = Vz, and so A2 + V3 = V 
(V3 = V, + ... + VJ. By the lemma below this implies that A” = V2 an 
hence that V2 = Aa, + Aa, + ... -+ Aa, . Now from [2] the breadths in V’ 
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of a s ,..., a, are at most b(G) and so 1 Aai 1 < \ Vai j = pb@) < pbtc) for 
i = 0, I,..., n. But 
and so \ Au, n W 1 < Pi+. Hence 
[with equality only possible when 6(G) = n or n + 11. To complete the proof 
of the theorem it remains to prove the following: 
LEMMA. If A is a subring of a nilpotent Lie ring V, and if A2 + V3 = V2 then 
A2 = V2. 
Proof. First we will show by induction that A” + Vr+l = VT for all 
r > 2. Certainly A’ + Vr+l < T/T for all Y. Now suppose that A” + Vr+l = VT. 
Then 
= (A’-lA) V + V?+2 
< (AT-lV)A + A’-l(AV) + Vvrr+2 (by the Jacobi identity) 
< VTA + AT-IV2 + lrr+2 
= (A’ + V’“)A + A+l(A2 + ~3) + ~-3 
= A"+1 + Vr+2. 
This proves that Ar + VT+l = Vr for all r > 2. These equations give 
V2 = A2 + VT+” for all Y > 2. Since V is nilpotent Vo*l = 0 for some c, 
and so this implies that A2 = V2. 
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